The system of transport relaxation equations obtained from the linearized Waldmann-Snider equation is the starting point for the kinetic treatment of the heat conductivity for mixtures of linear diamagnetic molecules in an external homogeneous magnetic field. The connection of the occurring collision integrals with certain molecular cross sections is discussed and order of magnitude considerations are made for molecules with small nonsphericity of their interaction. With the Kagan polarization as the decisive rotational angular momentum anisotropy term in the molecular distribution function, an expression for the heat conductivity ini the presence of a magnetic field is derived for mixtures with an arbitrary number of components. The mole fraction dependence of the saturation values is studied for binary mixtures of rotating molecules and noble gas atoms for a simplified model. As an example, the system o-D2/He is considered.
Introduction
In a recent paper 1 , the moment method 2 has been used to obtain the (infinite) system of coupled transport relaxation equations (in the following abbreviated by TRE) for mixtures of dilute gases of linear diamagnetic molecules from the linearized Waldmann-Snider equations 3 » 4 . A special scheme of expansion tensors (trial functions) built from the dimensionless molecular velocity C, the dimensionless operator for the rotational angular momentum, J, and the dimensionless internal rotational energy <O(J) has been introduced 1 . The truncated system of special TRE has been written down up to third rank tensor equations 1 .
The special system of TRE can be used as the starting point for the theoretical treatment of transport and relaxation phenomena in mixtures of dilute gases (which may consist of an arbitrary number of components) of linear molecules in an external homogeneous magnetic field. Experimental work on the magnetic field effects on transport properties in mixtures has been done for diffusion 5 , thermal diffusion 6 (in both cases without a measurable effect having been found), viscosity 7 , and is in progress for the heat conductivity 8 . The influence of an electric field on the heat conductivity of polar gas -N2 mixtures has recently been experimentally investigated by DE GROOT et al. 9 .
The present paper is concerned with the Senftleben-Beenakker effect (SBE) 10 of the heat conReprint requests to Dr. W. KÖHLER, Institut für Theoretische Physik der Universität Erlangen-Nürnberg, D-8520 Erlangen, Glückstraße 6. ductivity in mixtures, in particular binary mixtures of linear molecules with noble gas atoms. In contrast to the viscosity case which for mixtures has been studied theoretically by TIP 11 in a classical treatment, there is, to our knowledge, no corresponding quantum mechanical treatment of the heat conductivity problem. Recently, the viscosity of mixtures of polar gases with argon and helium has been investigated for the electric field case experimentally as well as theoretically by LEVI, SCOLES and TOM-MASINI 12 who followed Tip's work.
As in the pure gas case, the changes in the heat conductivity due to the magnetic field are related to certain collision integrals of the linearized Waldmann-Snider collision term. The calculation of these integrals from first principles, i.e. from a given nonspherical molecular interaction is a difficult task which will not be considered here (cf. Refs. 13 . 14 ). On the other hand, these collision integrals can, for a fixed temperature, be used as parameters to be determined from the experiment. The mole fraction dependence of the saturation values (zU||/A)sat and (ZlAx/A)sat from which these collision integrals could, in principle, be extracted, is experimentally studied by HEEMSKERK 8 , in particular for mixtures of rotating molecules with noble gas atoms.
In the following, the system of special TRE needed for the treatment of the magnetic field effects on the heat conductivity is selected from Ref. 1 . The relevant collision brackets are discussed and their orders of magnitude are estimated for molecules with small nonsphericity. In that case the relaxation coefficients can approximately be expressed in terms of Chapman-Cowling integrals 15 . The connection of the cross coefficients with molecular orientation cross sections for the 2nd rank tensor polarization of the rotational angular momenta is discussed. An expression for the heat conductivity tensor is derived. In the last section, the mole fraction dependence of the saturation value of the SBE is investigated for binary mixtures of linear molecules with noble gas atoms. In order to simplify the calculation and to avoid the introduction of more than one adjustable parameter, a simple model is used. In it, only the coupling of the Kagan polarization 16 with the rotational heat flux is taken into account. The remaining parameter then is the ratio of an effective cross section for the production of the tensor polarization in inolecule-atom collisions and the corresponding effective cross section for molecule-molecule collisions. As an example, the o-D-2-He mixture at room temperature is considered. The relaxation coefficients are evaluated for the classical rigid sphere model. The mole fraction dependence of zlA/A is finally plotted for different values of the above parameter.
I. The Special Transport Relaxation Equations for the Thermal Conductivity in Mixtures
A gas mixture consisting of K species of linear molecules (species label i = 1, ..., K) in a homogeneous magnetic field is considered. Starting points for the treatment of the heat conductivity problem are the vector equations in Table 2 of Ref. 1 , taken for the stationary case. In first order hydrodynamics the gradients of all quantities except of those which obey the local conservation laws are put equal to zero. Experimental arrangements are considered where the mean mass velocity of the gas is zero (no convection) and the diffusion fluxes vanish. This implies that the average velocities <c4) oc a\ x) can be put equal to zero.
In the stationary state, the individual temperatures (translational and rotational temperature of each species) have relaxed to a common temperature T(x): a temperature gradient dl^Cx in the gas is caused by a temperature difference maintained externally. Thus we can put in the vector equations of Ref. The equilibrium particle density of species i has been denoted by n?o-The total heat flux q is the sum of gtrans and qTOt. For the situation considered, the relevant vector TRE are the following:
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The vectors aj. 2) oc (c x J)i and af ) oc ( J J • c)i both describe nonequilibrium correlations between the molecular velocity c and the molecular rotational angular momentum ft J; the symmetric traceless tensor built from the components of J is denoted by J J. The vector a< 2 > is called "azimuthal polarization", the vector a (5) is called "Kagan polarization". As can be seen from Eq. (1.4a), the azimuthal polarization is coupled by way of the precession term -a>hj is the precession frequency of the magnetic moment of a molecule "i", h is a unit vector in the direction of the magnetic field H -to the pseudoscalar and to the 2nd rank pseudotensor , the physical meaning of which has been explained in Thus, in addition, the following two equations have to be considered:
The tensors describe the infinitesimal rotation of an 1th rank tensor about h and have been used in Ref.
In the same manner the Kagan vector is coupled in Eq. (1.4d) by way of the precession term to the pseudotensor bM", so that Eqs. In Eq. (1.6) the third rank tensor a\ 2 \x appears. Therefore we must also take into account the second of the third rank tensor equations of 
The physical meaning of the tensors and can be inferred from Ref. 1 ; together with the Kagan vector these tensors are essentially the irreducible components of the flux of the tensor polarization.
The set of Eqs. (1.4) -(1.7) is sufficient for the calculation of the SBE of the heat conductivity for gas mixtures with an arbitrary number of components. In the Eqs. (1.5) -(1.7), the cross collision brackets a>^k'\ k 4= k', have tacitly been neglected compared with the relaxation coefficients (k = k'). This is certainly correct for molecules with a small nonsphericity of their interaction (see the following chapter). Nevertheless, the Eqs. (1.4) -(1.7) are still too unwieldy and further simplifications will have to be made. Firstly, the coupling between the azimuthal polarization and the Kagan vector will be neglected since it would lead to higher order corrections in the (small) nonsphericity. Secondly, a "spherical" approximation for the relaxation coefficients will be made. This procedure is explained in the following chapter; one important result following from the spherical approximation is the equality of the relaxation coefficients of the irreducible components of a reducible tensor, e.g. the flux of tensor polarization.
II. Collision Brackets
In this chapter the reduced collision brackets proAof the linearized Waldmann-Snider collision operator relevant for the heat conductivity problem are discussed, in particular for molecules with small nonsphericity of their interaction. We recall that the reduced collision brackets are abbreviations for sums of the more basic brackets and n w hich arise directly from the linearized collision term [cf. Eqs. Picof) = Pim<j*n-1 + . y Eq. (4.12) of Ref. 1 where P and I denote parity and tensor rank of the expansion tensors (labelled with k and k') involved.
For further treatment, it is convenient to introduce the following dimensionless molecular quantities :
Dimensionless center-of-mass velocity:
where c is the center-of-mass velocity.
Dimensionless relative velocities before and after the collision, respectively:
where my is the reduced mass, g' = g' e' = Cj -c'n, g = ge = ci -cn. Since a possibility of confusion does not exist, it is not necessary to supply V, y. and y' with species labels ij.
Dimensionless internal rotational energy: With the energy transfer
the energy conservation in a collision is expressed by
With the use of Eqs. (2.1), (2.2) and with Eq. (3.1) of Ref. 1 we obtain the following relation for the product of two equilibrium distribution functions
Next, the following molecular cross sections which will occur in the expressions of the special collision brackets, are defined.
a) The "unpolarized differential cross section" Otj(I II, I' II') which is equal to the differential cross section averaged over the initial and summed over the final magnetic quantum numbers for the time reversed collision process (cf. 13 ), viz.
In Eq. (2.9), ad 11 ' I n ' is the single channel scattering amplitude (matrix with respect to magnetic quantum numbers; remember that the matrix property is expressed by the superscripts I, II, etc. 1 ), introduced in Ref. 1 , and "tr" is the trace over the magnetic quantum numbers.
b) The "orientation cross section for vector polarization" is defined by ag=(2Ji+l)"i (2J"+l)-i £ The orientation cross sections describe the production of various sorts of alignment of the rotational angular momenta of the molecules "I" in a collision process Jj ++ (rotational quantum numbers). Since the trace of an irreducible tensor vanishes, they are connected with the magnetic quantum number dependent part of the binary scattering amplitude and thus with the nonspherical part of the intermolecular potential. The reorientation cross sections describe, roughly speaking, the change of an already existing alignment of the rotational angular momenta. They vanish also for a purely spherical interaction, because in this case the commutator in (2.12) is zero.
For molecules with small nonspherical interaction, the scattering amplitude can be written approximately (up to linear terms in a scaling parameter e which essentially measures the ratio of the nonspherical and the spherical part of the potential 13 » 14 ) as ain,rir = a(o> pin <3nifi'ii' + £< 1)in -rir , (2.13) where aff is the magnetic and rotational quantum number independent ("spherical") part of the scattering amplitude, PHI is the two-particle projection operator in rotational angular momentum space [see Eq. (1.7) of Ref. i], and e ag )in ' ri1 ' is the first order DWBA "nonspherical" part of the scattering amplitude (e 1, valid e.g. for the hydrogen molecules). As can be shown in the first order distorted wave Born approximation (DWBA) for scattering of linear rotating molecules 13 » 14 , the trace tritrn {aW 111,1 ' 11 '} vanishes. Thus we have by means of (2.10) try (I II, I'll') = OyMiii.i'ii' + 0(e 2 ); of=\aW\*, (2.14) where the d-symbol expresses that the spherical part of the scattering amplitude is connected only with energetically elastic collisions. Furthermore, it can be shown within the same approximation 13 » 14 that the orientation cross section for the vector polarization is at least of the order e 2 due to inelastic collisions while the orientation cross sections for the tensor polarization are linear in e for elastic collisions and quadratic for inelastic ones. In any case, the reorientation cross sections (2.12) are at least of 0(e 2 ) because the commutator is linear in e. These statements are useful for estimating the orders of magnitude of the various collision brackets for molecules with small nonsphericity.
The reduced collision brackets and piatVp^, defined in 1 by the Eqs. (3.4), (3.5), (4.10) can, in general, be factorized in the following way where njo is the equilibrium particle density of species j, VQ = j/8 TO/TT m.y is a mean thermal velocity, and the quantities pio\ kk '^ are effective, temperature dependent cross sections which are (for k=t k') not necessarily positive. The expression for pio\ kk '^ n differs from (2.19) by c) Finally, the expansion tensor shall be a "quantum mechanical" one. The effective relaxation cross section is then given by For i = j one recovers easily in all cases that
where ojf,f} is the corresponding collision bracket for the pure gas of species i which has been defined in Refs. 17 . For molecules with small nonsphericitv, a "spherical" approximation for the collision integrals (only the "spherical" part of the scattering amplitude is considered) can be made for certain cases of a) and c), viz. always when the resulting expressions are unequal to zero. This approximation can, however, never be made in case b) because the trace is always of order e or e 2 due to the nonspherical part of the scattering amplitude. In the "spherical" approximation one has only elastic collisions, i.e. y' -y, J J -J J, J JJ = Jn-Since the "spherical" part of the scattering amplitude, does not depend on magnetic and rotational quantum numbers, the spin traces and J-summations can easily be performed as well as the V-integration. The remaining expressions for (2.18), (2.20) can then be written in terms of Chapman-Cowling integrals 15 which are defined by
21) o
where off has been defined in Equation (2.14). Now let us consider the special effective cross sections occurring in the heat conductivity for molecules with small nonsphericity. Without terms in 0{e 2 ) (i.e. in "spherical approximation") the following are the relaxation cross sections of "classical" expansion tensors, obtained from Eqs. 
Thus, in the case of homonuclear molecules (with a P2-type nonspherical interaction 13 -14 ) the dominant contributions to the SBE of heat conductivity will be determined by the coupling of the Kagan vector with the heat fluxes. This statement, however, seems also to be true for heteronuclear molecules, such as HD, as one can infer from the experiments. Finally, we mention that the effective cross sections -io\f k) with k' -3,4 and k -2,5 can be obtained from Eqs. (2.29-2.32) with the help of the Onsager symmetry relation, Eq. (4.14), of Ref. 1 .
III. The Heat Conductivity in the Presence of an External Magnetic Field
The system of transport relaxation Eqs. (1.4a) to (1.7) is considered once more. Using the results of the last chapter we can neglect the contributions of the azimuthal polarization to the SBE certainly for homonuclear molecules with small nonsphericity, such as H2, D2. The experiments 10 show, however that this neglect can also be made for arbitrary linear molecules. Thus the Kagan polarization is the decisive rotational angular momentum anisotropy term in the molecular distribution function. Furthermore, the cross coefficients coupling the translational and rotational heat flux vectors are neglected compared with their relaxation coefficients. The matrix -iß/if becomes -according to the results of Chapter II -diagonal with respect to i, j in the "spherical" approximation for which also the relation, Eq. (2.27 b) holds. This relation will greatly simplify the calculation of the heat conductivity tensor.
Next, some remarks on the notation have to be made. In the following, matrices with respect to the species labels (i, j) will be denoted by boldface Greek letters (e.g. co) and columns with respect to the species labels by boldface Latin letters (e.g. a^5 ) ). The dot "o" will denote the matrix multiplication matrix or co o a (5) (e.g. co o cp which is again a _ _ which is a column). The inverse matrix of co is denoted by x, i.e. x o co = 1 where 1 is the unit matrix. The Greek index notation for Cartesian vectors, tensors etc. will be maintained. Since in the following only PI = -1 will occur, the subscripts "-1" on the left side of co.. and x.. will be dropped for simplicity.
It is convenient to introduce a matrix cp by <PU = a)Hrsv*xf\ (3.1)
where com -yiH is the precession frequency (y*is the gyromagnetic ratio) for the magnetic moment of the molecule "i". Two Cartesian vectors B^ and which are columns in the index space are also introduced by B^bgM,, A" = a iftM*. In order to solve this system of coupled vector equations, i.e. to express a^ in terms of the temperature gradient second rank tensors are introduced which act as projection operators 17 Pfi" = i (<V ~Khv±i eßX,hx), P™ = Khv . (3.4)
They have the following properties 17
P^-HP^-P^) (3) (4) (5) (6) (7) (8) (9) (10) are projection operators which project out the components of an arbitrary vector a in the direction of h, perpendicular to the A-direction, and in the transverse direction hx a, respectively. In Eq. (3.9) the following abbreviations have been introduced: Then, for fixed mole fractions, also the relation AX^jAX^ = 3/2 holds as well as in the pure gas case 14 , is. 19 .
Of course, Eqs. (3.13) -(3.15) must cover the pure gas case. Indeed, the columns, rows, and matrices with respect to species labels then become single numbers and one obtains the well known result 19
Ajr ( To obtain (3.18), (3.19) , use has also been made of the Onsager symmetries = o/®®* and = co<«> (cf. Refs. 14 ' 17 ).
IV. Concentration Dependence of the Senftleben-Beenakker Effect for a Binary Mixture of Rotating Molecules and Atoms
The dependence of the SBE on the mole fractions is complicated, in general, since the to, x, cp matrices as well as the quantities d, d are concentration dependent. To get some insight into the structure of the mole fraction dependence, a particular binary mixture is considered consisting of linear rotating molecules ("1") and noble gas atoms ("2"). Although the expression (3.13) for the heat conductivity tensor is considerably simplified in this case, the explicit expressions for the saturation values [AX/X(H = 0)]sat (with AX = A)} or AX 1 ) contain still too many unknown parameters. Since the occurring relaxation coefficients can -in "spherical" approximation -be expressed in terms of ß-integrals (see Chapter III) the unknown parameters are the effective orientation cross sections (»,7 = 1,2).
The calculation of these cross sections from a nonspherical potential is a formidable task 13 » 14 and will not be considered in this paper. Therefore these coupling cross sections are treated as parameters.
The fact that crot and the vectors (rotational heat flux, Kagan vector) are equal to zero for the noble gas reduces the number of parameters, but still too many are left. This difficulty is overcome by the following model assumption: The coupling of the rotational heat flux with the Kagan polarization gives the dominant contribution to the effect, the coupling of the translational heat flux with the Kagan vector is neglected. This assumption (which is in good agreement with experiments for pure Hz, D2) may be approximately valid for homonuclear molecule-atom mixtures and reduces the number of unknown parameters to two, namely the coupling cross sections o ( 1 54) = a^1 -f cr^" 1 n (effective orientation cross section for the pure gas of molecules "1") and which involves the moleculeatom collisions. If the mole fraction is introduced by ^ = ^20/(7*10 + ^20), (4.1) (x = 0 if only molecules are present, x = 1 for the pure noble gas) then in the "normalized" expression (AXjX)Sat (x)l(AXIX)sa,t (% -0) only one parameter appears, viz. the ratio of the two orientation cross sections o ( 1| 4)n /cr ( 1 54j . This ratio is a measure of the effectiveness of the molecule-atom collisions relative to the molecule-molecule collisions for producing a tensor polarization of the molecules if a heat flow is present. It has thus a direct physical meaning. The model calculations give insight into the characteristic features of the mole fraction dependence of the saturation values for the parallel and perpendicular effect and may be considered to be representative also for the more general case.
Starting from Eq. (3.13) we obtain in our model for (j;JI/A)sat e.g. (A = ;.(# = 0))
In deriving Eq. (4.2) use has been made of the fact that the quantities c, d, io< 44 >, to< 45 >, io< 54 >, oo< 55 > have to be treated as numbers in the species label space (this can be inferred from the system of TRE, Eq. (1.4) ). Next, we observe that any ro***'* diagonal in the species labels can be written in the following form [cf. Eq. The effective cross sections a ' are independent of concentration; the notation 07 = a^ + o^1 n will be used. After some algebra one obtains As an example, the system o-D2/He has been chosen. Calculations have been performed for room temperature (frot/^B ^ !)• The values ai = 2.76Ä, a2 = 2.18 Ä, a\2 = 2.47 Ä have been taken from the rigid sphere viscosity cross sections for room tem- 
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